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>< : ABSTRACT 

??: 

Proper symmetries act on fields while pseudo-symmetries act on both fields 
and coupling constants. We identify the pseudo-duality groups that act as symme- 
tries of the equations of motion of general systems of scalar and vector fields and 
apply our results to N = 2,4 and 8 supergravity theories. We present evidence 
that the pseudo-duality group for both the heterotic and type II strings toroidally 
compactified to four dimensions is Sp(56; Z5) x D, where D is a certain subgroup 
of the diffeomorphism group of the scalar field target space. This contains the 
conjectured heterotic S x T or type II U proper duality group as a subgroup. 
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1. Introduction 



Symmetries of field theories can be divided into two types. Proper symmetries 
act on the fields and are associated with conserved Noether charges. There are 
also symmetries which act both on fields and on coupling constants; these have 
no Noether charge and we shall refer to them as pseudo-symmetries. Sigma-model 
symmetries [1], reviewed below, are pseudo-symmetries. Another example is the 
Montonen-Olive duality [2,3] of N = 4 supersymmetric Yang-Mills theory, in which 
SL(2, %) acts both on the fields and on the coupling constants g, 9. When N = A 
supersymmetric Yang-Mills theory is embedded in the four- dimensional toroidally 
compactified heterotic superstring, the coupling constants g, 9 arise as expectation 
values of the dilaton and axion fields and the conjectured SL(2, %) S-duality of the 
heterotic superstring [3,4,5] is a proper symmetry acting on fields (including the 
dilaton and axion) only. Duality symmetries of supergravity and superstring theo- 
ries are proper symmetries in this sense. For example, the heterotic superstring is 
believed to have four-dimensional toroidally compactified SL(2,ffli) x 0(6,22;!^) 
S x T-duality [5-6] while the four-dimensional toroidally compactified type II su- 
perstring is believed to have Ej(%) U-duality [9]. However, N = 2 supergravity 
coupled to iV = 2 supermatter [10] has in general an Sp(2n;R) duality symmetry 
which is in general a pseudo-symmetry, of which only a subgroup (the scalar field 
target space isometry group) is a proper symmetry group [11-14]; this Sp(2n;R) 
pseudo-symmetry is broken to Sp{2n; %) by quantum corrections. 

This raises the possibility that supergravity and superstring theories can have 
pseudo-duality symmetries above and beyond their known proper duality symme- 
tries. The purpose of this paper is to investigate a class of theories which includes 
supergravity and superstring theories and show that in many cases there are indeed 
extra pseudo-duality symmetries. We will consider the general situation of actions 
containing scalars coupled to n Abelian vector fields, which have been known for 
some time, at least in certain cases with N = 2 supersymmetry [12-14], to have 
an Sp(2n; R) pseudo-duality symmetry, which contains the proper duality group 
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[15,16] as a subgroup; it was the investigation of this Sp(2n;K) symmetry that led 
to the present work. We will show that in general the pseudo-duality symmetry 
group is in fact the much larger group Sp(2n;R) x Diff(A4), where Diff(A4) 
are the diffeomorphisms of the target manifold of the scalars. The previously 
studied Sp(2n; R) pseudo-duality symmetry [12-14] occurs as a diagonal subgroup 
of Sp(2n;R) x Diff(M). Duality symmetries of superstring theories should, for 
compactifications that maintain sufficient space-time supersymmetry, be seen as 
duality symmetries of the low-energy effective supergravity theory, so that the exis- 
tence of supergravity duality symmetry is a necessary, but not sufficient, condition 
for the existence of superstring duality [3,5,9]. 

In supergravity theories, duality is determined by its action on the scalar and 
vector fields. It is usually possible to choose variables (by a field redefinition) so 
that the fermions are duality invariant [14]. It is then necessary to check that the 
fermionic terms in the action are invariant, which is indeed the case in all supergrav- 
ity theories. We shall consider here duality symmetries of a general scalar-vector 
system and then discuss the implications for supergravity and superstrings. 



2. Sigma-Model Symmetries 
Consider the non-linear sigma-model in D space-time dimensions 

S = \ j d D xv^h v ^g lJ d^ i d^ , (2.1) 

where (p, — 0, 1, . . . , D — 1) are the coordinates of a space-time with metric h^ v 
and the 4> l {x) = 1, . . .,d) are scalar fields taking values in a rf-dimensional 
target space Ai; the 0* can be thought of as coordinates for M.. The quantity 
gij{(f>) is a metric on M., but from the field-theory point of view represents a 
(generally infinite) set of coupling constants. For example, if gij(4>) has a Taylor 
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series expansion about <p l = 

mM = $ + 4J> + sgUV + ggtm^r + ■■■ (2-2) 

for some constants g^J kl kn , then substituting (2.2) into (2.1), the lagrangian takes 
the form V g^6 n d(f)d(f), so that , is the coupling constant for a 6 n d(bd(f) 

interaction. 

Under a diffeomorphism of .M , 

^-W), <7y-0y (2-3) 

where 

The action (2.1) is invariant under (2.3), which consists of a field transformation 
0* — > 0* and a transformation gij{4>) — > 9ij (<}>), which corresponds to a change of 
the coupling constants, </ n ) — > g'* 71 *'. This is then a pseudo-symmetry, sometimes 
referred to as a sigma- model symmetry [1]. Thus the pseudo-symmetry group of 
the non-linear sigma-model is the diffeomorphism group Diff(Ai). 

It may be the case that there are special diffeomorphisms of M which leave 
the metric invariant, i.e. for which 

9iM) = 9ij{4>) • (2-5) 

Such diffeomorphisms are isometries and are generated by Killing vector fields. 
They leave the metric and hence the coupling constants g^> invariant, so that they 
constitute proper symmetries of the theory. The isometry symmetry generated by 
a Killing vector field k l (<f>) has a conserved current 

J M = hd^ (2.6) 

and a corresponding Noether charge. Thus the group of proper symmetries of the 
sigma-model is the isometry group Iso{M). 
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String theory in a background space-time M. can be described by a two- 
dimensional non-linear sigma-model of the form (2.1) with target space Ai, where 
x^, /i — 0,l, are viewed as world-sheet coordinates and 0* as space-time coor- 
dinates. The space-time diffeomorphisms Dif f{M) are a pseudo-symmetry of 
this world-sheet theory, which leads to a first-quantized formalism. However, in a 
second-quantized formalism such as string field theory, from which general relativ- 
ity emerges in a certain limit, the background metric gij is the vacuum expectation 
value of the space-time gravitational field, so that the diffeomorphisms become a 
proper symmetry of the space-time field theory. By contrast, in a space-time sigma- 
model in which x^ are space-time coordinates and the 0* are (second-quantized) 
space-time fields, the target space diffeomorphisms are a pseudo-symmetry. How- 
ever, Diff(Ai) might become a proper symmetry of some "third-quantized" theory 
in which emerges as some type of expectation value. 

Sigma-model diffeomorphism symmetries are then pseudo-symmetries in gen- 
eral, although the isometry subgroup constitute proper symmetries. However, for 
world-sheet sigma-models the diffeomorphism pseudo-symmetry corresponds to a 
proper symmetry of the space-time theory. 

3. Vector Field Duality 

Consider the four-dimensional Lagrangian 

L = -\^hmu{<t>)F^F^ + V^a/j(0)F^F/ a (3.1) 

for k abelian vector fields A 1 ^ with field strengths F^ v with couplings to scalars 0* 
through the scalar functions mjj(0) and ajj(0), which can be combined into the 
symmetric matrix 

NlJ = \{cL LJ + im I j) . (3.2) 
Note that (Im A/}j) is a positive definite k x k matrix function. It will be useful 
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to introduce the complex field strengths 



and rewrite the lagrangian as 

L = — \T-h Im [MuT^T 1 ^ . (3.4) 

Introducing 

Gf , ,3.5) 

the A 1 ^ field equations and Bianchi identities can be written in terms of the 2k- 
vector of two-forms 

as simply 

Im (dF) = . (3.7) 
These are formally preserved under the general linear transformations 



>\ (F\ _ (A B\ (T 
G ) \G' I ~ \C D I G 



(3.8) 



where A,B,C,D are arbitrary constant k x k matrices. However, G is not inde- 
pendent of J 7 , and these transformations must be restricted to those preserving 
the constraint relating G to J 7 , and this will require accompanying (3.8) with a 
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(3.10) 



transformation of Mij: 

M U {(j>) ^ M' U {(j>) . (3.9) 

Using G = AfT, we obtain 

G' = CT + DG = (C + DJ\f)T 
T' = AT + BG = (A + BM)T , 

from which we obtain 

G' = N'T' , (3.11) 

where 

N\<\>) = [C + DN{(t>)\\A + BM((t))}- 1 . (3.12) 

Moreover, M'u must be symmetric, which together with (3. 11), (3. 12), implies that 
the transformations (3.8) must be restricted to those preserving the 2k x 2k matrix 

, 1 

n=[ , I , (3.13) 
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so that 



A B\ 

m Him = q, ^^=1^ D ) ■ ( 3 - 14 ) 

Thus the group of such duality transformations (3. 8), (3. 9) preserving the field 
equations and Bianchi identities is Sp(2A;;R) [15,16,14]. 

The matrix- valued function A/}j(0) represents an (in general infinite) set of 
coupling constants, in the same way that the sigma-model metric did. This can be 
made explicit if, for example, A/}j(0) has a Taylor series expansion about 0* = 0, 

MM = + + ^/jVV + A/^. fc 0W + • • • (3.15) 

for some constants . Substituting this in (3.4), we see that Mjf is the coupling 
constant for an interaction of the form (j) n TT. The Sp(2k;TL) symmetry of the 
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equations of motion involves the transformation (3.9) of M{4>) and hence of the 
coupling constants, and so is a pseudo-symmetry in general. 

Note that the scalar fields are unchanged by the above action of Sp(2k;R). 
We can in addition consider scalar field transformations (i.e. sigma-model target- 
space diffeomorphisms) 

l ^0*(0). (3.16) 

The vector field action (3.1) will be left invariant provided this is accompanied by 
the transformation of the coupling constant generating function 

Mutt) - A/}j(0) , (3.17) 

where 

A/}j(0(0))=A/}j(0) . (3.18) 

This is again a pseudo-symmetry in general. 

Finally, one can combine a particular Sp(2k; R) transformation with a par- 
ticular diffeomorphism, to obtain a pseudo-symmetry under which Af transforms 

as 

A/-(0) ^ A/-'(0) , (3.19) 

where 

A/-'(0(0))=A/-'(0) (3.20) 

and Af' is given in (3.12). However, it is sometimes possible to choose the diffeo- 
morphism in such a way that the change in Af it causes is such that it precisely 
compensates that due to the Sp(2k; R) pseudo-duality transformation, so that Af 
is invariant: 

Af'{4>) = Af(<f>) . (3.21) 

In such cases, the combined duality and diffeomorphism is a proper symmetry of 
the theory. 
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4. Pseudo-Duality Symmetries of 
Supergravity and Superstring Theories 

Consider now the system given by adding the scalar and vector lagrangians 
(2.1) and (3.1). We have seen that it has a classical pseudo-duality symmetry 

D pseud0 = Diff(M) x Sp(2k; R) , (4.1) 

and that the proper symmetries of the scalar sector alone consists of the isometry 
group Iso{M). In general, the group D prop of proper symmetries is a subgroup 
of Iso(M) x Sp(2k;R). In the theories of interest here (supergravities and super- 
strings), the duality group Sp(2k;R) contains a copy of the isometry group, and 
the group D prop of proper symmetries is a diagonal subgroup of these two copies 
of Iso(M): 

Dprop = Iso(M) C Iso(M) x Iso(M) C Iso(M) x Sp(2k;R) C D pseudo , (4.2) 

where D pseudo is given in (4.1). 

In many cases, including many supergravity theories, and all those with N > 4 
supersymmetry, the scalar manifold M. is a homogeneous space G/H where H 
is the maximal compact subgroup of G. The isometry group is then G and for 
supergravity theories this is indeed a subgroup of Sp(2k; R), so that (4.2) becomes* 

G = D prop GGxGcGx Sp(2k; R) c D pseudo = Diff(G/H) x Sp(2k; R) . (4.3) 

For N = 8 supergravity, h = 28, G = E 7 i 7 \ and H = SU(8), so that M is the 
coset space E 7 /SU(8) with isometry group £7, and the known proper symmetry 

* Note that G/H sigma-models can be formulated in such a way that in addition to a rigid 
G symmetry, which is made manifest by introducing extra scalars into the theory, there is 
a local H symmetry which can be used to remove these extra scalars again. This local H 
symmetry, which is useful in coupling to fermions, will not be considered here, but will be 
discussed in [19]. 
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group is £7, while the full group of pseudo-symmetries is 

Gpseudo = Diff(E 7 /SU(8)) x Sp(56; R) . (4.4) 

For N = 4 supergravity coupled to m vector multiplets k = 6 + m, G = SL{2; R) x 
0(6, m) and H = U(l)xO(6)xO(m), the known proper duality group is SX(2;R)x 
0(6, m), while the pseudo-duality group is 

Gpseudo = Diff[SL(2; R) x 0(6, m)/U{\) x 0(6) x 0{m)\ x Sp(56; R) . (4.5) 

For the general coupling of N = 2 supermatter to iV = 2 supergravity with m 
vector multiplets (so that k — m + 1) [10] it was found that there is an Sp(2k; R) 
pseudo-symmetry [12] which contain the proper symmetries as a subgroup [11] that 
acts through isometries of the scalar manifold M.. The Sp(2k; R) pseudo-symmetry 
has recently lead to interesting applications [14]. However, this is a subgroup of 
an even larger pseudo-symmetry group, given by (4.1). 

The above applies, strictly speaking, only to the bosonic truncation of the 
supergravity theories. However, using an analysis similar to that of [16], (see also 
[14]) it can be seen that the symmetries found above extend to pseudo-duality 
symmetries of the full supergravity lagrangians. 

For most such theories, quantum effects break the vector pseudo- duality group 
Sp(2k;TL) down to the discrete subgroup Sp{2k;%)] this can be seen using the 
argument given in [9]. The k abelian vector fields have k electric charges and k 
magnetic ones which fit into the 2k representation of Sp(2k;TL). If all 2k types of 
charge occur in the theory, then the Dirac-Schwinger-Zwanziger (DSZ) quantization 
condition implies that the charges lie on a 2/c-dimensional lattice, and Sp(2k; R) is 
broken down to the subgroup that preserves the lattice, which is Sp(2k; %). It then 
follows from the embeddings (4.2) that the proper duality group is then also broken 
to a discrete subgroup, as was found in [3,5,9]. The Diff(M) pseudo-duality 
symmetry can also be broken by quantum effects. For example, if the sigma-model 
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is coupled to chiral fermions, there can be anomalies in the sigma-model symmetry 
[1]; these can always be cancelled at the expense of adding a D-dimensional Wess- 
Zumino term to the sigma-model and invoking the cancellation mechanism of [17]. 
This and other anomalies in the theory can lead to the breaking of some of the 
sigma-model symmetries to discrete subgroups, as will be discussed in [18,19]. 

We turn now to the superstring. Arguments similar to those given in [3,5] for 
S-duality and in [9] for U-duality support the conjecture that discrete subgroups 
of the pseudo-duality groups (4.5) (with m = 22 vector multiplets) and (4.4) 
should be pseudo-duality symmetries of toroidally compactified heterotic string 
and type II string, respectively. In each case, this symmetry contains the group 
Sp{hQ;%). These superstring pseudo-symmetries and their implications will be 
discussed further in [19]. 
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